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COMMON FIXED POINTS OF WEAK GENERALIZED 
(a,w)-CONTRACTIVE MAPS IN PARTIALLY 
ORDERED METRIC SPACES 


G.V.R. BABU, K.K.M. SARMA AND V.A. KUMARI 


ABSTRACT. In this paper, we introduce a pair (f, g) of weak gener- 
alized (a, ¢)-contractive maps with rational expressions and prove 
the existence of common fixed points when (f, g) is a pair of weakly 
compatible maps and the range of g is complete in partially ordered 
metric spaces where f is a triangular (a, g)-admissible map. Fur- 
ther, we prove the same conclusion by relaxing the condition ‘range 
of g is complete’, but by imposing reciprocally continuity of (f, g) 
and compatibility of (f,g) in partially ordered complete metric s- 
paces. Our results generalize the results of Arshad, Karapinar and 
Ahmad [1] and Harjani, Lopez and Sadarangani [5]. 

Keywords: a-admissible, (a, g)-admissible, triangular a-admissible, 
triangular (a, g)-admissible map f, (a, )-contractive mapping, a 
pair (f,g) of weak generalized (a, q)-contractive maps with ratio- 
nal expressions. 


1. INTRODUCTION 

Proving existence and uniqueness of common fixed points by using 
weak commutativity assumptions under more general contraction con- 
ditions having rational expressions in partially ordered metric space is 
the present interest. In 2012, Samet, Vetro and Vetro [12] introduced 
a new concept namely (a, w)-contractive mappings which generalize 
contractive mappings and proved the existence of fixed points of such 
mappings in metric space setting. 
In the following, Y denotes the family of non-decreasing functions 
p : [0, +00) > [0, +00) such that w is continuous on [0, o0) and 
ye, w"(t) < +00 for each t > 0, where Y” is the nt” iterate of Y. 


Remark 1.1. Any function w € W satisfies lim w"(t) = 0 and v(t) < t 
n— o0 
for any t > 0. 
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Definition 1.2. [12] Let (X, d) be a metric space, f : X —> X and 
a: X x X > |[0,00). We say that f is a-admissible, if 
z, y E X, Oley) > 1=>qa(fr,fy)21. (1.2.1) 


Definition 1.3. [3] Let f, g be two self mappings on X. Let a : 
X x X > [0,00) be a function. We say that the map f is (a, g)- 
admissible map if for 

x,y E X, algz, gy) > 1 = a(fx, fy) > 1. (1.3.1) 


In 2013, Karapinar, Kumam and Salimi [11] introduced the notion 
of a triangular a-admissible mapping as follows: 


Definition 1.4. [12] Let (X,d) be a metric space, and let f : X > X 
and 
a: X x X > [0, œ). We say that f is triangular a-admissible, if 
(i) f is a-admissible; and 
(ii) a(z,y) > 1,a(y,z) = 1 => a(z,z) > 1 for any zx, y E€ X. 
(1.4.1) 


Definition 1.5. [12] Let (X,d) be a metric space and f : X — X be 
a selfmap of X. If there exist two functions a: X x X — [0,+00) and 
w € Y such that 

a(x, y)d(fz, fy) < v(d(x,y)) for all z, y € X, 

then we say that f is a (a, w)-contractive mapping. 


Remark 1.6. If f: X — X is a contraction with contractive constant 
0<k <1, then f is an (a,~W)-contraction mapping, where a(x, y) = 1 
for all x,y € X and w(t) = kt for all t > 0. 


Theorem 1.7. [12] Let (X,d) be a complete metric space and f : X > 
X be an (a, w)-contractive mapping. Suppose that 
(i) f is a-admissible; 
(ii) there exists xo E X such that a(x, fzo) > 1; and 
(iii) f is continuous. 
Then there exists u E€ X such that fu = u. 


In 1977, Jaggi [7] introduced ‘rational type contraction mappings’ as 
an extension of ‘contraction maps’ and proved the existence of fixed 
points of such mappings. 


Theorem 1.8. [7] Let f be a continuous self-map defined on a complete 
metric space (X,d). Suppose that f satisfies the following condition: 
there exist a, B € [0,1) with 

a+ 2 <1 such that 

d( fx, fy) < aTe + Bd(2, y) forallz,y E X, xy. (1.8.1) 
Then f has a fixed point in X. 
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Here we note that a mapping f : X — X, X a metric space, that 
satisfies (1.8.1) is called a Jaggi contraction map on X. 
Later Karapinar and Samet [10] introduced generalized (a, ¢)-contractive 
mappings and proved fixed point results and its extension to partially 
ordered metric spaces. 
Harjani, Lopez and Sadarangani [5] extended Theorem 1.8 to the con- 
text of partially ordered complete metric spaces. 


Theorem 1.9. [5] Let (X, <) be a partially ordered set and suppose 
that there is a metric d on X such that (X,d) is a complete metric 
space. Let f : X — X be a non-decreasing mapping such that 

d( fa, fy) < oA) + Bad(a,y) (1.9.1) 
for allz,yEX with x >= y, x #y where0<a,B<1 witha+B6 <1. 
Also, assume either 


(i) f is continuous; (or) 
(ii) if a non-decreasing sequence {xn} in X is such that £n > x as 
n— œ then x = sup{ £n}. 


If there exists xog E X such that £o < fxo, then f has a fixed point. 


A map f that satisfies the inequality (1.9.1) is called Jaggi contraction map 
in partially ordered metric spaces. 


In 2013, Arshad, Karapinar and Ahmad [1] extended Theorem 1.9 
to almost Jaggi contraction type mappings in partially ordered metric 
spaces. 


Definition 1.10. [1] Let (X,d, <) be a partially ordered metric space. 
A selfmapping f on X is called an almost Jaggi contraction if it sat- 
isfies the following condition: there exist a, 8 € [0,1) witha +8 < 1 
and L > 0 such that 

(fir, fy) < oU + 3.d(x,y)+Lmin{a(e, fz), d(e, fy), dlu, f2)}, 
(1.10.1) 

for any distinct x, y € X, with x < y. 


Theorem 1.11. [1] Let (X,d, <) be a complete partially ordered met- 
ric space. Suppose that f is a continuous and non-decreasing selfmap 
that satisfies the following inequality : there exist a, 8 € [0,1) with 
a+ 8< 1 and L> 0 such that 

a fir, fy) < attdi B dla, y)+Lminfdle, fy),d(y,f2)}, (LALA) 
for any distinct x, y E X, with x < y. Suppose that there exists xo E€ X 
with zo < fxo. Then f has a unique fixed point. 
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Remark 1.12. Since every almost Jaggi contraction satisfies the inequal- 
ity (1.11.1), it follows that the conclusion of Theorem 1.11 is valid un- 
der the replacement of condition (1.11.1) by almost Jaggi contraction 
in Theorem 1.11. 


In 1986, Jungck [8] introduced the concept of ‘compatible maps’ as 
a generalization of ‘commuting maps’ and proved the existence of fixed 
points in metric spaces. In 1998, Jungck and Rhoades [9] introduced the 
concept of ‘weakly compatible’ maps as a generalization of ‘compatible 
maps’. 


Definition 1.13. [8] Two self mappings f and g of a metric space 
(X,d) are said to be compatible if lim d(fg£n,gf£n) = 0, whenever 
n—-Ooo 


{zn} is a sequence in X such that 


lim fx, = lim gz, = u for some u € X. 
n— Oo Noo 


Definition 1.14. [9] Two self mappings f and g of a metric space 
(X,d) are said to be weakly compatible if they commute at their coin- 
cidence points, i.e., if fu = gu for some u € X, then fgu = gfu. 


Definition 1.15. [13] Let (X,d) be a metric space and f, g be self 
maps of X. We say that f and g are reciprocally continuous if 
lim fg£n = fz and lim gfx, = gz whenever {z,,} is a sequence in X 
noo N00 


with lim fz, = lim gr, = z for some z € X. 
N+ Oo n— o0 


Lemma 1.16. [2] Suppose (X, d) is a metric space. Let {xn} be a 
sequence in X such that d(£n+1, €n) > 0 as n —> oœ. If {xy} is not 
a Cauchy sequence then there exist an € > 0 and sequences of positive 
integers {m(k)} and {n(k)} with m(k) > n(k) > k such that 
d(Tm(k); En(k)) > €, Alto T Ae) <€ and 

(i) jim. d(Em(k)-1; n(kj+1) = €, (ti) jm dl Beales Ente) = 6€ 


€ 
(iii) jim A(Lm(k)—1, Fn(k)) = € and (iv) iim d(Em(k); En(k)+1) = €- 


Definition 1.17. [4] Suppose (X, <) is a partially ordered set and 
f,g : X — X are two self mappings of X. f is said to be g-non- 
decreasing if for x,y € X, 

gx < gy implies fx < fy. (1.17.1) 


In Section 2, we introduce a pair (f,g) of weak generalized (a, w)- 
contractive maps with rational expressions and discuss various conse- 
quences of these maps. In Section 3, we prove the existence of common 
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fixed points when (f,g) is a pair of weakly compatible maps and the 
range of g is complete in partially ordered metric spaces where f is a 
triangular (a, g)-admissible map (Theorem 3.1). Further, we prove the 
same conclusion by relaxing the condition ‘range of g is complete’, but 
by imposing reciprocally continuity of (f, g) and compatibility of (f, g) 
in partially ordered complete metric spaces (Theorem 3.4). In Sec- 
tion 4, we deduce some corollaries from our main results and construct 
examples in support of our results. 


2. PRELIMINARIES 


In the following, we now introduce the concept namely ‘f is a trian- 
gular (a, g)-admissible map’. 


Definition 2.1. Let f, g be two self mappings on X. Leta: X x X > 
[0,co) be a function. We say that the map f is triangular (a, g)- 
admissible map if 
(i) f is (a, g)-admissible; and 
(ii) a(gz, gy) > 1,a(gy, gz) > 1 = a(gx, gz) > 1 for any x,y € X. 
(2.1.1) 


If g = Ix, the identity map of X in (2.1.1), then we call f is 
triangular a-admissible. 


Example 2.2. Let X = [0,3] with the usual metric. 
Let A = AUL{(0, 2), (3, 0), (0,3), (2,3)} and B= { (x,y) EX xX:acF 
yt \ (0, 2), (3,0), (0, 3), (2, 3) 5. 


3x . 
We define figs X 4X by f= { zy tf € [0,2] and g£ = 


3 if xe (2,3) 
x tf « € [0,2] 
l ztl if x € (2,3). 

_ f 2e if (x,y) EA 
We define a: X x X > [0, œ) by a(z,y) = l 0 AA 
Then it is easy to see that f is a triangular (a, g)-admissible mapping. 
But g is not (a, f)-admissible mapping, for, we choose x = 3 and y = 0. 
In this case 
fx =3, fy = 0; gx = 2 and gy = 0, hence we have 
a(fz, fy) = a(3, 0) = 2e? > 1 but a(gz, gy) = a(2,0) Z 1. 
Therefore g is not (a, f)-admissible mapping. 


Example 2.3. Let X = [0,2] with the usual metric. 
Let A = AU{(0,1),(1,2)} and B = {(4,y) E XxX: a Fy}\ 
{(0,1), (1,2)}. We define f,g: X > X by 
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fx? af ee [0,1] fx ifxel0,1] 
fax} 3 if x € (1,2 and go = { 5 if x € (1,2). 
2 if (z,y)EA 


We define a: X x X > [0, œ) by a(z,y) = 0 otherwise 


Then it is easy to see that f is (a, g)-admissible map. But g is not (a, f )- 
admissible map, for, we choose x = 0 and y = 2. 

In this case fx = 0, fy =1; gx = 0 and gy = 2, hence we have 

a(fz, fy) = a(0,1) = 2 > 1 but a(gz, gy) = a(0,2) Z 1. 

Here, we observe that f is not triangular (a, g)-admissible map, for, by 
choosing 


(x,y) = (0,1) and (y, z) = (1,2) we have 
a(g0, g1) = (0,1) > 1, a(g1, g2) = (1,2) > 1 but a(g0, g2) = a(0, 2) Žž 
1 


Therefore, condition (ii) of inequality (2.1.1) fails to hold. 


Example 2.4. Let X = {1,2,3} with the usual metric. Let A = 
{(1, 1), (2,2), (3,3), 

(1, 2), (2, 3), (3, 2)} and B = {(2, 1), (8, 1), (1,3)}. We define f : X > X 
by 

f1 = f3 = 3, f2 = 1; gl = 1, g2 = 2 and g3 = 3. We define 
2 if (x,y) €A 

0 otherwise. 

Then it is easy to see that neither f is (a, g)-admissible nor g is (a, f)- 
admissible map, for, we choose xz = 1 and y = 2. 

In this case fx = 3, fy = 1; gx = 1 and gy = 2, and we have 

a(gx, gy) = a(1,2) = 2 > 1 but a( fx, fy) = a3, 1) Z 1. 

Therefore f is not (a, g)-admissible map. 

Here, we observe that f is not triangular (a, g)-admissible map. 

For, by choosing (x, y) = (1,2) and (y, z) = (2,3) we have 

OG 1.92) = (1,2) = 2 > 1 and a(g2,g3) = (2,3) = 2 > 1 but 
a(gl, g3) = (1,3) #1. 

Therefore, condition (iz) of inequality (2.1.1) fails to hold. i.e., f is not 
triangular (a, g)-admissible. Further, we choose x = 1 and y = 3. 

In this case fx = fy = 3; gx = 1 and gy = 3, hence we have 

a(fz, fy) = a(3,3) = 2 > 1 but a(gz, gy) = a(1,3) Z 1. 

Therefore g is not (a, f)-admissible map. 


a: X x X > [0,00) by a(z,y) = 


Example 2.5. Let X = {0,1,2,3} with the usual metric. 

Let A = {((0, 0), (1, 1), (2, 2), (3, 3), (3, 1), (0, 2), (0, 3) }and B = { (0, 1), (2, 0), (1,0), 
(2,1), (1,2), (3,0), (1,3), (2,3), (3,2)}. We define f : X > X by fO = 

f3 =0, 

fl = f2 = 2; g0 = g2 = 0, gl = 1 and g3 = 3. We define 
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otherwise. 
Then it is easy to see that f is (a,g)-admissible map, but f is not 
triangular (a, g)-admissible map. For, by choosing (x,y) = (0,3) and 
(y, z) = (3,1) we have 
a(g0, g3) = (0,3) = 2 > 1 and a(g3,g1) = (3,1) = 2 > 1 but 
a(g0,g1) = (0,1) £1. 
Here, we observe that g is triangular (a, f)-admissible map, for, by 
choosing 
(x,y) = (3,0) and (y, z) = (0,1) we have 
a( f3, f0) = a(0,0) = 2 > 1 and a( f0, f1) = a(0,2)=2>1 
implies a(f3, f1) = a(0,2) > 1. 
Hence g is triangular (a, f)-admissible map, but g is not (a, f)-admissible 
map. 


a: X x X > [0, œ) by a(z, y) -{ if (wy) EA 


Remark 2.6. Let f be a triangular (a, g)-admissible mapping and sup- 
pose f(X) C g(X). Assume that there exists to € X such that 
a(gxo, fzo) > 1. Define a sequence {£n} by g@ni1 = fn. Then 
a(g2m,9Xn) > 1 for all m,n E€ N with m <n. 


Definition 2.7. Let (X, <) be a partially ordered metric space and 
suppose that f : X — X be a mapping. If there exist two functions 
a: X x X > [0,00), Yy € Y and L > 0 such that 

a(x, y)d( fx, fy) < v(M(a,y)) + L.N(a,y), where (2.7.1) 








d(x, fx)d(y,fy) d(x,fy)d(y,fz) 
PE Y), titi A 
M(x,y) = d(x, fx) (eddy) Wta) ift 3y, 1y 
0 ifr=y 


and N(x, y) = min{d(z, fx), d(x, fy),dly, fx£)}, x, ye X with x < y, 
then we say that f is a weak generalized (a, w)-contractive map with ra- 
tional expressions. 


Note: Clearly, if f is Jaggi contraction i.e., a map f that satisfies 
(1.9.1) with a+ 6 < 1 then it satisfies the inequality (2.7.1) with 
a(z,y) = 1Vz,y € X, L= 0 and y(t) = (a + S)t, t > 0 so that f 
is a weak generalized (a, Y)-contractive map with rational expressions. 
But, its converse need not be true. 


Example 2.8. Let X = {0,1,2} with the usual metric. 
We define a partial order < on X by <:= {(0, 0), (1, 1), (2, 2), (0,1 
Let A = {(0, 0), (0, 2), (1, 1), (2, 2), (2, 0), (1, 2)} ad B= (0 ,1) a 
We define f : X —> X by fO = 2, f1 =0 and f2 = 2. 


3 . 
We define a: X x X > [0, œ) by a(z,y) = l ô Chek 
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Then it is easy to see that f is a weak generalized (a, w)-contractive map with ra- 
tional expressions. In the following, we mention the importance of L 

in the inequality (2.7.1). 

If L = 0 then the inequality (2.7.1) fails to hold. 

For, by choosing x = 1 and y = 2 we have 

d(fl, f2) = 2 £0(2) = Y(M (z, y)) for any FEV. 

Here we observe that the inequality (1.9.1) fails to hold. 

For, when (x,y) = (1,2) we have 


(fe, fy) = (fl, f2) =2 É 00+ 8.1 = aXe 4 ga(1,2) 


= a edi + Bd(x, y). 
Hence f is not a Jaggi contraction map. Also, we observe that the 
inequality (1.11.1) fails to hold. For, when (x,y) = (0,1) we have 
d(fa, fy) = d( f0, fl) = 2 


£ a.0+ 6.1 =a MIC + Ba(0,1) + L.0 


= (eae) + Bd(z,y) + L min{d(z, fy), d(y, fa)}- 
In the following, we extend Definition 2.7 two maps f and g. 


Definition 2.9. Let (X, <) be a partially ordered metric space and 
let f and g be two self mappings on X. If there exist two functions 
a: X x X > [0, œ), Y € Y and L > 0 such that 








a(gx, gy)d( fx, fy) < ee e (2.9.1) 
gT, JL)IAGY JY GL, JFY)AGY, JL 
ee tea 
DY Gaa ifexy, ety 
0 if By 


and N(z,y) = min{d(gz, fx), d(gx, fy), d(gy, fx)}, x, ye X with x < 
y, then we say that (f, g) is a pair of weak generalized (a, W)-contractive map- 
s with rational expressions. 


If g = Ix, the identity map of X, in (2.9.1), then the inequal- 
ity (2.9.1) reduces to (2.7.1) so that f is a weak generalized (a, w)- 
contractive map with rational expressions. 
Note: Clearly, a map f that satisfies (1.9.1) with a+ 6 < 1 also sat- 
isfies the inequality (2.9.1) with a(z,y) =1Yz,y E€ X, L=0,g= Ix 
and w(t) = (a+ B)t, t > 0 so that f is a weak generalized (a, w)- 
contractive map with rational expressions. But, the following example 
suggests that its converse need not be true. 


Example 2.10. Let X = {1,2,4,6} with the usual metric. We define 
a partial 
order < on X as follows, <:= {(1, 1), (2 


Let A = {(1, 1), (2,2), (4,4), (6,6), (1,2), (1,4), (2, 
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(6,1), (6,2), (2,4), (4,2), (4,6), (6,4)}. We define f, g : X > X by fl = 
t=, 
f4 = f6 = 2; g1 = 1 g2 = g4 = 4 and g6 = 2. We definea: X x X > 


Aas 
[0, co) by a(z,y) = l ô A and w : [0, o0) > [0,00) by 
v(t) = tt. 


The following three cases arise to verify the inequality (2.9.1). 

Case (i): z = 1 and y = 2. 

In this case, the inequality (2.9.1) holds trivially. 

Case (ii): x = 1 and y = 4 

In this case, d( f1, f4) =1, M(1,4) = 3 and N(1,4) =0. 

a(gx, gy)d( fzr, fy) = a(gl, g4)d( f1, f4) 

= ł < y(3) + L.0 = y(M(1,4)) + L.N (1,4) 

= (M(a,y)) + L.N (x,y) holds for any L > 0. 

Case (iii): x = 2 and y = 6. 

In this case, d( f2, f6) = 1, M(2,6) = 3 and N(2,6) = 1. 

a(gx, gy)d( fz, fy) = a(g2, g6)d( f2, f6) 

= ł < y(3) + L.1 = y(M (2, 6)) + L.N (2,6) 

= vU(M(a,y)) + L.N (x,y) holds with L = 1. 

If x, y € B then the inequality (2.9.1) holds trivially. 

Hence, from above cases, we choose L = 1, so that the pair (f,g) 
is of weak generalized (a, v)-contractive maps with rational expres- 
sions with L = 1. 

Now, we observe that the inequality (1.11.1) fails to hold. For, by 
choosing x = 2 a Ae = 6 we have 








d(f2, f6) =1 < a( B(4)+L.0<1 
= ar aa a He 6) + L. min{d(2, f6), d(6, f2)}. 


i.e., f is not an almost Jaggi contraction map. 

Further, we observe that the inequality (1.9.1) also fails to hold. 

For, when (x,y) = (1,4) we have 

d(fz, fy) =d(f1,f4)=1 £ a0+ B(3) 

— i Ln JD 4 Bd(1,4) = ote tidy fo) + Bd(z,y). 

This shows that the inequality (1.9.1) fails to hold so that f is not a 
Jaggi contraction map. 


Example 2.11. Let X = [0, 2] with the usual metric. We define a 
partial 

order < on X by <:= {(x,y) € X x X : x = y} U{ (1, 0), (2,0), (2, 1)}. 
Let A = AUJ{(, 0), (2,0), (2,1)} and B = {(x,y EX x X:cFy}\ 
{(1, 0), (2,0), (2,1)}. We define f,g : X > X anda: X xX :—> [0, œ) 
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x? if rE 0,1 
by f(z) = Er ey 
gov {2 Teh done: 


Owniw 


i Mpeg, ee otherwise. 


Now, we verify the inequality (2.9.1) by choosing y € W by y(t) = 

5 if te (0,1) 

4 ift21 
The following three cases arise to verify the inequality (2.9.1). 
Case (i): z = 2 and y =1. 
In this case, the inequality (2.9.1) holds trivially. 
Case (ii): x = 1 and y = 0. 
In this case, d( f1, f0) =1, M(1,0) =2 
a(gx, gy)d( fx, fy) = a(g1, g0)d( f1, fO) 
-$ < y(2) + L.1 = Y(M(1,0)) + L-N(1,0) 
=4(M(x,y)) + L.N(x,y) holds with L = 3. 
Case (iii): x = 2 and y = 0. 
In this case, d( f2, f0) =2, M(2,0) = 2 and N(2,0) = 1. 
a(gx, gy)d( fzx, fy) = a(g2, g0)d( f2, fO) 
=3 < y(2) + L.1 = y(M(2,0)) + L.N (2,0) 
= v(M(za,y)) + L.N (x,y) holds with L = 3. 
If x, y € B then the inequality (2.9.1) holds trivially. 
Hence, from above cases, we choose L = 3, so that the pair (f, g) is a weak 
generalized (a, %)-contractive maps with rational expressions. 
Here we note that if L = 0 in the inequality (2.9.1), then for z = 2 and 
y = 0 we have 
a(g2, g0)d(f2, fO) = 3 £ W(2) = ¥(M(2,0)), for any Yy € Y, so that 
the inequality (2.9.1) fails to hold, which shows the importance of L. 
Further, we observe that the inequality (1.9.1) also fails to hold. 
For, by choosing (x, y) = (1,0) we have 

d(fl, f0) = 1 £ a.0 + 6.1 =o + pa(1,0). 

This shows that the inequality (1.9.1) fails to hold so that f is not a 
Jaggi contraction map. 


and N(1,0) =1. 


Thus we conclude that the class of (f,g) weak generalized (a, w)- 
contractive maps 
with rational expressions is more general than the class of almost Jaggi 
contraction maps which in turn, it is more general than the class of all 
Jaggi contraction maps. 
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3. MAIN RESULTS 


In the following, first we prove the existence of coincidence points of 
a pair (f,g) of weak generalized (a, ~)-contractive maps with rational 
expressions. 


Theorem 3.1. Let (X, <) be a partially ordered set and suppose that 
there is a metric d on X such that (X, d) is a metric space. Let 
f,g:X — X be two selfmaps on X. Suppose that f is a triangular 
(a, g)-admissible and g-non-decreasing mapping. Suppose that there ex- 
ist two functions a: X x X —> [0, œ), y € Y and L > 0 such that 
(f,g) is a pair of weak generalized (aœ, w)-contractive maps with ratio- 
nal expressions. Also, assume that 
(i) fX C gX; 
(ii) there exists xo E X such that a(gxo, fxo) > 1 with gxo < fzo; 
(iii) g(X) is a complete subset of X 
(iv) if {gza} is a non-decreasing sequence in X such that gtn > gx 
as n — œ then 
gx = Sup{gtn}; and JEn < gge. 
Then f and g have a coincidence point. 


Proof. Let x9 € X be as in (ii), a(gzo, fzo) > 1 with gro < fzo. 
Since fX C gX, we choose xı € X such that gx; = fzo. Since 
gxo X fzo = gxı, and f is g-non-decreasing, we have fx 9 < fxi, so 
that gx, < gxo. By using the similar argument we choose a sequence 
{zn} in X with 

fta = gtr Ton n= 1,2. 803 (3.1.1) 
Further, since gx, < gzz and f is g-non-decreasing, we have 

fx, xX fxe so that gx2 < gx3. 

Inductively, it follows that gr, < g@n41 for all n =0,1,2,.... (3.1.2) 
Now, a(gXo, 921) = a(gxo, fvo) > 1, and by using the property that f 
is an 

(a, g)-admissible map, we have 

a(fao, fri) > 1, ie., a(gr1,g9%2) > 1. By a repeated application of 
this property, 

a(fa1, f£2) > 1, i.e., a(gx2, 9x3) > 1, and inductively, it follows that 
fit iat) > 1 ie., COG Gena > 1 for all n = 0,1,2,.... 
(3.1.3) 

If g£n+1 = J£n+2, for some n, then g£n+1 = f£n+1 so that £n+1 is a 
coincidence point of f and g. 

If g£n41 # JZn+2 for all n then we have d(g£n+2, g£n+1) > 0. 

Now, from (2.9.1), (3.1.2) and (3.1.3), we have 


d(JEn42, gXn41) = d( fons, fan) 
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< a(JEn+1, 00a df tas fen) 
< o(M (an41, 2n)) + L.N (n41, fn), where (3.1.4) 
d N i nmr d Ns n d n 3 n d Ns nm 

M(an41, te) = max{d(g%n41, JEn), (gx Saat fe 7 (oz safely dr a 
d(gtn+1,ftn+1)d(gtn41,ftn)+d(grtn, ftn)d(gtn,ftn+1) } 

Sore ee Ja ) al Jat ) 
= d(gtn+1,9%n+42)d(gtn,gtnt1) d(gtnt1,9tn41)d(grn,gtn+2 
E max{d(grn+1, Itn), d(JEn+1,9£n) : d(gtn+1,gen) 2 


d(gtn+1 9tn+2)d(gtn41 GXln+1 )t+d(gtn.gtn41 )d(gzn „J£n+2) } 


2d(gEn+1,92n) 3 
E max{d(g%n41, Gin’); A(9@n41, JÜn+2, 0, doita] 


< max{d(g£n+1, Jzn), d(92n41, 92-2, dorn Omit tionary 
= max{d(g@n+1,9%n), d(JEn+1, gZn+2}, and 
N (Ens, En) = MIN{d(JEn41, f En+1), d(JEn+1, f En), d(gen, f2n41)} 
= min{d(g%n41, JEn+2), d(JLn+1, JLn+1), d(JLn, JLn+2)} =0 
Now, from (3.1.4), we have 
A(9ln+2, JEn41) < w(max{d(gtn4i, JEn), d(JEn+1, JZn42})- (3.1.5) 
If max{d(g%n41, GT in); d(9@n41; JTn42} = UG ins, 9En+2) then 
from (3.1.5) we have 
d(gin+42,92n41) < P(d(grn42, 9Ln41)) < d(Grn42; 9Ln+41); 
a contradiction. 
Hence from (3.1.5) we have 
max{d(gtn41,9€n),U(9tn41, 9€n42} = d(gln41, 9Ln) So that 
d(gin+2,9En41) < P(d(grn41, 92n)) (3.1.6) 
which implies that d(g%n42,9%n41) < d(gXn41,9%n) for all n. 
Thus it follows that {(d(g%n11, 9%n)} is a strictly decreasing sequence 
of reals and hence lim d(g£n+1, gZn) exists and it is r (say). 
n—-oo 





























Les, lim d(JEn41, ot.) =r > 0. 

We now show that r = 0. 

Suppose that r > 0. Then from (3.1.6), we have 

d(JEn+2, JEn+1) < P(d(9ln41; JEn)). 

On letting n — oo, we have 

r<ylr) <r, 

a contradiction. 

Hence lim Gl Gti gZn) = 0, i.e., r = ©: 

Step (i): {g£n} is a Cauchy sequence in X. 

Suppose that {g£n} is not a Cauchy sequence. Then, there exist 
€ > 0 and sequences of positive integers {m(k)} and {n(k)} with 
m(k) > n(k) > k such that 

EGF wie JTn(k)) Z €. (3.1.7) 

We choose m(k), the least positive integer satisfying (3.1.7). Then, we 
have 

m(k) > n(k) > k with 
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A(gLm(k); GEn(k)) > €, d(JLm(k)-1; 9Ln(k)) < € 
and by Lemma 1.16, it follows that jim A(GLm(k)+15 JLn(k)41) = €. 
00 
Now from (2.9.1), we have 
Bae ee = a ftne) 
< (M ae H ) + E T where 
M (Tm(k); Tn(k)) = _ max{d(g2m(k);9Fn(k))s “ E Geet 2 , 
d(JEm(k)IEn(k)) 2 
2d(IEm(k)IEn(k)) 
A(GXm(k) IEm(k)+1)d(IEn(k)IEn(k)+1) 
d(IEm(k)ITn(k)) 2 














= max{d(g2m(k); JEn(k)); 
AGL m (Kk) IFn(k) +1) UGE p(k) ILm(k)-+1) 

d(gXm(k):9Ln(k)) 7 
(d(gtm(k) JEm(k)+1)U(9lm(K) 92 n(k) +1) +(d(92n(k) Gln(k)+1)A( Genk) ILm(k)+1) } 








and 


= Til d(ge can Gent alan k)» ae ne dU gine, a k 

On letting k — œ, and using the conclusion of Lemma 1.16, it follows 

that 

jim M (mn); Zn) ) = max{e, 0, €,0} = €, jim N(2m(e)) En(k)) = 0 and 
00 —> 00 

e< jim YCM (2m(k), En(k)) + L.0. 

Hence e < w(e) < € 


a contradiction . 
Hence pm d(JEm(k)+1; 9Ln(k)41) = 0. 


Therefore {gx,} is a Cauchy sequence in (X,d). Since g(X) is com- 
plete, there exists z € g(X) such that 
lim Ot a= tim ftn = gx = z for some g € X. (3.1.8) 


Step (ii): gz = ue 

Suppose that gx # fa. 

Now, suppose that the condition (iv) holds. Since {gz,} is a non- 
decreasing sequence and gz, — gx we have gx = Sup{gz,} and 
JEn X ggz. 

Particularly, gx, < ggz for all n. Since f is g-non-decreasing, we have 
ftn x fgx for all n. i.e., g£ny1 < fgz for all n. 

Moreover, as g&n X gXnii xX fgx for all n and gz, < ggx, we get 
gz Af gk: 

Let us now consider the sequence {gyn} that is constructed as follows: 
GYo = GX, JYn+ı = f (gyn); n= 0, 1,2, gi 

Then gyo < f(gyo) and since f is triangular (a, g)-admissible. 





yt 
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i.e., a(gx0,92%) = 1, a(gzo, gyo) = 1 implies a(gxo, gyo) = 1. S- 
ince f is g non-decreasing, we obtain that {gy,} is a non-decreasing 
sequence and {gyn} is cauchy (similar to the argument to show {gz} 
is cauchy) gyn — gy (say), y E X. Again, by the first part of the 
condition (iv), we have gy = Sup{gyn}. Since gt, < gx = gyo x 
f(gx) = f(gyo) X gyn < gy for all n. By using Remark 2.6, we have 
A(JEn+1, JYn+1) 2 1, for n OL Da 

Suppose that gx # gy. Now from (2.9.1), we have 

d(92n41, 9Yn+1) = d( fan, F(9Yn)) 

< a(grn, JJYn)d( fan, f(GYn)) 

< Y(M (En, 9Yn)) + LN (En, 9Yn), where 

Mn, vm) = mare{ (Grn, gyn), Semele), damn fteianyten) 


Agen fen)d gen fn) +d 99yn,f9yn)A(goyn Fen) \ and 
2d(g2n.99Yn) 


N (En, gyn) = min{d(grn, fin), d(grn, f IYn), Ug9Yn, fen) } 
= min{d(g9%n, 9%n41),A(gen; GYn+1); U99Yns GLn+41) }- 

On letting n — oo, we have 

d(gx, gy) < w(max{d(gz, gy), 0,d(gz, gy)})+L min{d(gz, gx), d(gx, gy), d(gy, gx) } 
so that d(gz, gy) < v(max{d(gz, gy), 0, d(gz, gy)}) + L.0 

= V(d(gz, gy)) < d(gx, gy), 

a contradiction. 

Hence gx = gy, and we have 

gyo = gu X fox = fgyo = gyi X GY2 X- X JYn X Gy = gx so that 

gz = fgu. 

By (iv), it follows that gx < ggx. Now, since f is g non-decreasing we 

have 

fx < fgx = gx, i.e., fr < gz. (3.1.9) 

Since gx, < gx and f is g non-decreasing we have fx, < fx for all n; 

i.e., 9En41 X gx for all n so that gx = limn.0 JEn+1 = sup{gtniit L 

fx. (3.1.10) 

From (3.1.9) and (3.1.10), we have fa = gz. 
So that x is a coincidence point of f and g. 























Corollary 3.2. Let (X, <) be a partially ordered set and suppose that 
there is a metric d on X such that (X, d) is a complete metric space. 
Let f : X — X be a non-decreasing mapping. Suppose that there exists 
a function a : X x X —> |0, co) and a constant k € (0,1) such that 


a(x, y)d(fa, fy) < kmax{d(a, y), Sdu} (3.2.1) 


for all x,y E€ X with x < y, x # y. Also, assume that 
(i) f is a-admissible; 
(ii) there exists xo E€ X such that a(x, fzo) > 1 with xp < fto; 
either 
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(iii) f is continuous; (or) 
(iv) {xn} is non-decreasing in X such that x, > © as n — co then 
£ = sup{x,}; and also a(xo,x) > 1 and a(x, fx) > 1. 


Then f has a fixed point. 


Proof. The conclusion of this corollary follows by taking g = Ix, w(t) = 
kt, t > 0 and L = 0, in Theorem 3.1. 














Theorem 3.3. In addition to the hypotheses of Theorem 3.1, if f and 
g are weakly compatible then f and g have a unique common fixed point 
in X. 


Proof. From the proof of Theorem 3.1 we have {gxn} is non-decreasing 
sequence that converges to gx and fx = gx. Since f and g are weakly 
compatible, we have fgx = gfx. 

i.e., g£ = fg£ = ggz. 

Hence fz = gz = z, so that f and g have a common fixed point z. 
Uniqueness: Let z and z’ be two common fixed points of f and g 
i.e., fz = gz = z and fz =gz =z. 

Now, we show that z = z 

Suppose that z 4 z’. 

Now from (2.9.1), we have 

d(z,z ) = d(fz, fz) 

< a(d(gz,92 ))d( fz, fz) | 

<yY(M(z,z ))+L.N(z,z ), where 


ANES ') d(gz,fz)d(gz ‚fz d(gz,fz )d(gz ,fz 
MG? = eG ae) tg Fela fz) ge ge fa) 
a(gz,fz)d(g2,fz )+d(gz fz )dlgz f2)4 

2d(92,92 ) , 
= max{d(gz, gz ),0,d(gz , gz), 0} 
and N(z,z) = min{d(gz, fz), d(gz, 92’), d(gz’, gz))} =0 
d(z,z) < W(d(z,z’)) < d(z,z), 
a contradiction. 
Hence z = z. 
Therefore f and g have a unique common fixed point. 
This completes the proof of the Theorem. 
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In the following we prove Theorem 3.1 with different hypotheses, 
particularly by replacing the condition (iii) and weakly compatible by 
‘reciprocal continuity’ and ‘compatibility’? when the metric d is com- 
plete. 
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Theorem 3.4. Let (X, <) be a partially ordered set and suppose that 
there exists a metric d on X such that (X,d) is a complete metric s- 
pace. Let f,g : X — X be two selfmaps on X. Suppose that f is 
a triangular (a, g)-admissible and g-non-decreasing mapping. Suppose 
that there exist two functions a: X x X > [0, œ), Yy E€ WV and L>0 
such that (f,g) is a pair of weak generalized (a, w)-contractive map- 
s with rational expressions. Also, assume that 

gx Cox; 

(ii) f and g are compatible; 

(iii) there exists xo E X such that a(gzo, fro) > 1 with gxo < fzo; 

(iv) f and g are reciprocally continuous. 


Then f and g have a coincidence point. Moreover, f and g have a 
unique common fixed point in X. 


Proof. As in the proof of Theorem 3.1, for xo € X of (iii), we choose 
{zn} in X that satisfies fr, = g%ni1 for n = 1,2,.... and that {gxn} 
is a Cauchy sequence in X. Since (X, d) is complete, there exists z € X 
such that 

lim g£n = z. Hence lim g£zn = lim ftn = z. 

n— o0 n= n—0o 

Since f and g are reciprocally continuous, we have 


lim for, = fz and lim gftn = 9z. 

n= n—>00 

Since f and g are compatible, we have 

lim d(fg£n,gf£n) = 0 so that d( fz, gz) = 0. 

n— o0 

Hence fz = gz so that z is a coincidence point of f and g. 
Now, since every compatible pair is weakly compatible, by applying 
Theorem 3.3 it follows that f and g have a unique common fixed point 
in X. 














4. COROLLARIES AND EXAMPLES 


By choosing g = Ix in Theorem 3.1, we have the following corollary. 


Corollary 4.1. Let (X, <) be a partially ordered set and suppose that 

there exists a metric d on X such that (X, d) is a complete metric space 

and let f : X — X bea weak generalized (a, 7)-contractive map with ra- 
tional expressions. If there exists zọ in X such that zo < f2xo with 

a(x, fvo) > 1 and f is non-decreasing. Further, assume that for any 

non-decreasing sequence {xn}, where £n = f£n-1, n = 1,2,3,... in X 

converges to u, then x, < u for all n > 0. 

Then f has a fixed point in X. 
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By choosing g = Ix in Theorem 3.4, we have the following corollary. 


Corollary 4.2. Let (X, <) be a partially ordered set and suppose that 
there exists a metric d on X such that (X, d) is a complete metric space 
and let f : X — X bea weak generalized (a, 7)-contractive map with ra- 
tional expressions. If there exists x in X such that zo < fzo, if f is 
non-decreasing and continuous. Then f has a fixed point. 


Remark 4.3. (i) Theorem 1.9 follows as a corollary to Corollary 3.2, 
since the inequality (1.9.1) implies the inequality (3.2.1) with k = a+ 
6 <1; and a(z,y) = 1 for all z,y € X. 

(ii) Theorem 1.11 follows as a corollary to Corollary 3.2, since the 
inequality (1.11.1) implies the inequality (3.2.1) with k =a+ 6 < 1; 
and a(z,y) = 1 for all z,y € X. 

Hence, we conclude that Theorem 1.9 and Theorem 1.11 follow as 
corollaries to Corollary 3.2, which in turn these two Theorems follow as 
corollaries to Theorem 3.1 when g is the identity map in Theorem 3.1. 

In the following, we provide examples in support of the results ob- 
tained in Section 3. 

The following is an example in support of Theorem 3.1. 


Example 4.1. Let X = [0, 2] with the usual metric. We define a 
partial 
order < on X by x:= {(x,y) € X x X : x = y}U{(0, 1), (0, 2), (1, 2)}. 
Let A = AL{(0, 1), (0,2), (1, 2), (2,1)} and B= {(2,y)/z,y € X and z # 
y}/{(0,1), 
(0, 2), (1, 2), (2,1)}. We define f,g: X > X anda: X x X > [0, œ) 
by 

1+ 


sii 





? if « € [0,1] = f 2x if xe [0,1] 
if xe (1,2), a mea ke (1, 2| 

3 if (x,y) EA 
0 otherwise. 

Clearly fX C gX. We choose x9 = 0 then gzoọ < fxo. Also f and 
g are weakly compatible, f is triangular (a, g)-admissible and f is g- 
non-decreasing. Moreover, we choose zo = 0 € X, then a(gzo, fro) = 
a(0,1) > 1 and 0 < 1. Now, we verify the inequality (2.9.1) by choos- 
ing Y € Y given by y(t) = 2¢ for t > 0 and L =3. 

Case (1): (x,y) = (1, 2) and (jy) = (2,1). 
In this case, the inequality (2.9.1) holds trivially. 

Case (ii): (x,y) = (0,1). 
In this case, d( f0, f1) =1, M(0,1) = 2 and N(0,1) =1. 
a(gx, gy)d( fx, fy) = a(g0, g1)d( f0, f1) 


and a(z, y) = l 
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= 3 < (2) + L.1 = (M (0, 1)) +L.N(0,1) 
= Ņ(M(x,y))+ L.N (x,y) holds with L = 1. 
Case (tit): (x, y) = (0, 2). 


In this case, d( f0, f2) =1, M(0,2) = 2 and N(0,2) =1. 

a(gx, gy)d (fa, fy) = a(g0, g2)d( f0, f2) 
=3 < y(2) + L.1 = y(M (0, 2)) + L.N (0, 2) 
=4y(M(z,y)) + L.N (x,y) holds with L = 1. 
If x, y € B then the inequality (2.9.1) holds trivially. 
Hence, from consider above cases, we choose L = 1, so that a pair 
(f,g) of weak 
generalized (a, w)-contractive maps with rational expressions with L = 
1. Further, f and g and w satisfy the inequality (2.9.1). Hence f and 
g satisfy all the hypotheses of Theorem 3.1 and it has fixed point 2. 
Here we note that the inequality (1.9.1) also fails to hold. 
For, by choosing (x, y) = (0,2) we have 
d(f0, f2) = 1 $ a.0 + 6.2 < 1 = aC + ga(0,2). 
This shows that the inequality (1.9.1) fails to hold so that f is not a 
Jaggi contration map. Hence Theorem 1.9 is also not applicable. 
Further, we observe that the inequality (1.11.1) also fails to hold. 
For, by choosing (x, y) = (0,1) we have 
d(f0,fl) =1¢€a14+681+L0<1= oer!) + Bd(0,1) + 
L min{d(0, f1), d(1, f0)} 
so that f is not an almost Jaggi contraction map. 

Here we note that Remark 4.3 and Example 4.1 suggest that Theo- 
rem 3.1 is a generalization of Theorem 1.9 and Theorem 1.11. 


Example 4.2. Let X = {1,2,4,7} with the usual metric. We define 
partial order 
< on X as follows, <:= {(1, 1), (2,2), (4, 4), (7, 7), (2, 1), (4,1), (7, 1), 
(4,2), (7, 2)}. 
Let A = A U4 (1, 2), (2,1), (4, 1), (7, 1), (4, 2), (7, 2)} and B = { (x, y)/z,y € 
X and 
£ # y}/{(1,2), (2,1), (4,1), (7, 1), (4,2), (7,2)}. We define f,g : X > 
X by 
fl = f2= 2, f4 = 4, fT= T; g1 = 1, g2 = 2, g4 = T and g7 = 4. 
> if ENEA 

` = 2 ’ 
We define a: X x X — [0,00) by a(z, y) l O eee and 
Y : [0, œ) — [0,1) by y(t) = 5 
Clearly fX C gX. We choose xp = 1 then gx < fzo. Also f and 


g are compatible and reciprocally continuous, f is triangular (a, g)- 
admissible and f is g-non-decreasing. Hence f and g satisfy all the 
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hypotheses of Theorem 3.3 and 2 is the unique common fixed point of 
f and g. 

In the following, we mention the importance of L of Theorem 3.3. If 
L =0 then the inequality (2.9.1) fails to hold. For, by choosing z = 7 
and y = 2 we have 

a(gT, g2)d({7, f2) = 5 £ U(5) = Y(M(T, 2)) for any % € Y. 

Here we note that the inequality (1.9.1) also fails to hold. 

For, by choosing (x, y) = (7,2) we have 


d(f7, f2) =5 $ a.0 + 6.5 <1 =a) + gd(7,2). 


This shows that the inequality (1.9.1) fails to hold so that f is not a 
Jaggi contraction map. 

Here we note that Remark 4.3 (i) and Example 4.2 suggest that 
Theorem 3.3 is a generalization of Theorem 1.9. 
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